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Abstract
In this note, we model the Bekenstein-Hawking entropy of a four dimensional extremal black
hole in terms of classifying particles moving in its near horizon AdS2 geometry. We use
the framework of SLE curves in AdS2 to classify these particle trajectories in terms of their
boundary conditions. These turn out to be related to singular vectors in two-dimensional
conformal quantum gravity theory in AdS2 and the dynamics of these particles are governed
by the Hamiltonians of the integrable Calogero-like models, for these boundary conditions.
We use this classification to count the leading order Bekenstein-Hawking entropy of the black
hole and arrive at a first principle microscopic computation of black hole degeneracy.
January 2017
1 Introduction
The presence of a two-dimensional Anti-de-Sitter (AdS2) space-time factor is a universal
feature of extremal near-horizon black hole geometries. The near-horizon backgrounds are
themselves solutions of the equations of motion of the supergravity theory which contains the
extremal black hole solutions, and in such theories, the neutral vector multiplet scalars flow
from their asymptotic values to the extremum values of the black hole potential governing
the flow, at the horizon, unless they constitute flat directions for the potential. Hence, the
near-horizon region acts as an attractor for the flowing scalar moduli [1, 2]. Consequently,
in the near horizon geometry, they take values completely determined by the charges of the
black hole, and hence the black hole horizon is characterized purely in terms of its charges
so that the Bekenstein-Hawking entropy of the black hole is given in terms of a U-duality
invariant composition of the charges.
From the standpoint of quantum gravity, an inevitable approach to formulating black hole
entropy from a statistical point of view is to explore the holographically dual conformal field
theory (CFT). This approach has met with prominent success in the case of five-dimensional
extremal black holes whose near-horizon geometry is a BTZ black hole in AdS3 and con-
sequently can be interpreted as a thermal ensemble in the dual CFT2 [3]. Then the high
temperature expansion of the entropy of the ensemble in the CFT is independent of the
couplings in the theory, has a universal dependence on the central charge and dilatation
eigenvalue of the ensemble and is given by the Hardy-Cardy-Ramanujan formula [4]. This
accurately reproduces the Bekenstein-Hawking entropy. In the case of four-dimensional ex-
tremal black holes, one would need a precise formulation of the dual CFT1, which has hitherto
been unclear1.
One model for a coarse understanding of charged extremal black hole statistical me-
chanics emerging from AdS2 is motivated by the observation that under a KK uplift to five
dimensions, the near horizon geometry yields a BTZ black hole in AdS3, where the magnetic
charges determine the AdS radius and the central charge of the dual CFT2, while the electric
charges determine the excitation number above the vacuum [13] in terms of L0, the dilatation
eigenvalue of the dual chiral thermal ensemble2
In a similar fashion, we consider extremal particles (of unit specific charge) moving in
1Recently, there has been extensive work on this respect either by considering the two-dimensional theory as
coming from a reduction of three-dimensional gravity with negative cosmological constant [5] or analysing the
SYK model of Majorana fermions with random few-point interactions [6,7] as a candidate for the holographic
dual [8,9] of particular dilaton-gravity systems [10–12].
2As an illustrative example, in terms of the IIA N = 2, D = 4, a bound state of three types of D4 branes,
(pa, a ∈ {1, 2, 3}) and D0 (q0) branes with triple intersection number dabc forms the microscopic weak coupling
picture of an extremal black hole, with RAdS = dabc = 6dabcp
apbpc and L0 = q0.
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AdS2, and compute the dimension of the Hilbert space of this multi-particle system in AdS2,
viewed as a unit disk, by tracking the particle geodesics and classifying these geodesics by
first identifying them with the Schramm(stochastic)-Lo¨wner evolution (SLE) [14,15] curves3
and hence delineating their boundary conditions on the unit circle. Thereby, we compute
the dimension of the phase space of these geodesics to show that it determines the black
hole entropy, and indicate how this naturally leads to fragmented AdS2 geometries [17] being
candidates for microstate backgrounds for the extremal black hole.
Interestingly, this system is described in terms of the Calogero-Sutherland (CS) model
[18–24], which is a fully integrable quantum mechanical N -particle system on a circle with
a pairwise long range interaction4, and thus the analysis of particle trajectories can be cast
in terms of its Hamiltonians and their eigenfunctions. These, in turn, are directly related
to a specific class of correlators in the boundary conformal field theory (BCFT) of quantum
gravity on AdS2, viewed as a unit disk.
The paper is organised as follows. In Section 2, we give a short elucidation of the features
of BCFT relevant for our discussion as well as briefly enumerate the Calogero-Sutherland
integral invariants. We also outline the correlation between generators of the BCFT and
the Calogero- Sutherland eigenfunctions. We follow this up with presenting our calculational
methodology for analyzing particle trajectories in AdS2, in Section 3 and establish our basic
working computations that cast the particle classification problem in terms of boundary
operators in the BCFT. We present general results based on this connection in Section 4 and
finally, use it to compute the Bekenstein-Hawking entropy in Section 5. We finally end with
a discussion of future possibilities and open questions.
2 Boundary CFTs in Two Dimensions
Quantum gravity in global AdS2 can be thought of as a two-dimensional boundary conformal
field theory (BCFT2) with states given by degenerate boundary primary fields (the so-called
ZZ boundary primaries) [26]. It can be viewed as the standard two-dimensional Liouville
theory [27, 28] (with ZZ boundary conditions) with appropriate matter thrown in to nullify
the central charge. In general, and unless specified, we focus on the gravity sector only, which
corresponds to a BCFT2 with a central charge which can be parametrised as
c = 1− 6(g − 1)
2
g
, (2.1)
with g ∈ C \ {0}. This form of the central charge is possible if degenerate states exist. In
order to have a self-contained exposition, in this section we will discuss the salient features
3For a review about the SLE see [16].
4For more details see the review [25] and references therein.
of BCFT2.
On a manifold with boundaries the boundary conditions break the algebra to be just one
copy of the Virasoro algebra and the set of possible boundary conditions is isomorphic to the
space of conformal blocks [29].
Let us begin with considering a CFT2 on an infinitely-long strip parametrised by the
coordinates (τ, σ) and with the two boundaries at σ = 0, pi. On each of the boundary, it
is possible to choose different boundary conditions: The general requirement which ensures
that conformality is preserved at σ = 0, pi is the vanishing of the off-diagonal components of
the stress tensor, Tτσ = 0, but otherwise one can pick an arbitrary pair (α, β) of boundary
conditions on σ = (0, pi) which is consistent with the above condition. The Hamiltonian
Hαβ, i.e. the generator of the translations in τ with the boundary conditions (α, β), has its
eigenstates in the irreducible representations of the (single) Virasoro algebra.
The infinitely-long strip can be mapped into the upper half plane via z = eτ+iσ
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where the two boundaries are merged into a single one which coincides with the real axis.
In this case the class of conformal boundary conditions is given by the requirement that the
stress tensor is real on the real axis (T (z) = T¯ (z¯)). The Virasoro generators are given by
Ln =
1
2pii
∫
C+
dz zn+1T (z)− 1
2pii
∫
C+
dz¯ z¯n+1T¯ (z¯), (2.2)
with C+ being a semi-circle in the upper half plane (UHP). Because of the reality condition
of the stress tensor on the real line, T¯ (z¯) can be regarded as the analytic continuation of
T (z) in the lower half plane and, consequently, the Virasoro generators can be expressed as
a single integral of the stress tensor along a full circle C:
Ln =
1
2pii
∮
C
dz zn+1T (z), (2.3)
The dilatation operator L0 corresponds to the Hamiltonian H of the infinitely-long stripe,
up to a central charge dependent term:
L0 = H +
c
24
. (2.4)
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The eigenstates of L0 correspond to primary boundary operators φ(0) which act on the
vacuum. If in the infinitely-long stripe we consider a pair (α, β) of boundary conditions, in
the upper half plane this corresponds to primary boundary operators φαβ(0) which changes
the boundary conditions between the positive and negative real axis. For the purpose of this
note, we will be treating AdS2 as a unit disk, D, and the transformation from the UHP to
D is accomplished by the inverse Mo¨bius transformation:
z −→ w = −i z + i
z − i (2.5)
This transforms the real boundary of the UHP to the unit circle. For an anomaly free
conformal theory, the stress tensor transforms as Tzz → ( ∂z∂w )2Tzz, thus resulting in the
conformal boundary condition,
1
z¯4
Tzz
(
1
z¯
)
= T¯z¯z¯
∣∣
z ǫ ∂D
. (2.6)
Hence, at the boundary, (2.6) relates the anti-holomorphic Virasoro generators to the
holomorphic ones
L¯k = (−1)k z¯2ki
∑
l≥0
z¯li
(2− k − l)l
l!
Lk+l (2.7)
allowing us to find the modes L−k as differential operators acting on the boundary.
The presence of a boundary does not change the OPEs, which are local quantities and
hence the holomorphic stress tensor action on the primary field is given by the conventional
form,
T (z)φ(w) ∼ ∆φ
(z − w)2φ(w) +
1
z − w∂wφ(w) + . . . =
∞∑
n=0
(z − w)n−2L−nφ(w) . (2.8)
as is the anti-holomorphic equivalent. However, as a consequence of the existence of just one
Virasoro algebra, the conformal Ward identity becomes
〈T (z)
N∏
i=1
φ(wi, w¯i)〉 =
N∑
i=1
[
∆i
(z − wi)2 +
1
z −wi ∂wi +
∆¯i
(z − wi)2 +
1
z − wi ∂wi
]
〈
N∏
i=1
φ(wi, w¯i)〉.
(2.9)
The OPE (2.8) defines a higher order operator L−nφ of conformal dimension ∆ + n and
reiterated applications of L−ni defines further higher order operators with conformal dimen-
sion ∆ +
∑k
i ni whose correlators are related to φ by differential operators. The conformal
boundary condition and the Ward identity ensure that (2.9), the correlator 〈∏Ni=1 φ(wi, w¯i)〉
as a function of ({wi}, {w¯i}) satisfies the same differential equation as the bulk correlator
5
〈∏2Ni=1 φ(wi, w¯i)〉, viewed as a function of ({wi}) only [30]:
〈
[
k∏
i=1
L−niφ(z)
]
N∏
j=1
φ(wi)〉 =
k∏
i=1
L−ni〈φ(z)
N∏
j=1
φ(wj)〉
L−ni =
N∑
j=1
[
(1− ni)∆j
(z − wj)ni −
1
(z − wj)ni−1∂wj
] (2.10)
If at a given L =
∑k
i ni the descendent of φ are degenerate, then the correlators involving φ
satisfy a differential equation of the form
O(z)〈φ(z)•〉 = 0, (2.11)
O(z) being a linear combination of the operators L−ni which can appear at level L, while
“•” just indicates an arbitrary set of operators in the correlator.
The operators φ which are degenerate at level L are characterised by a conformal dimen-
sion which can be thought of as dependent on some function of the central charge and two
integers r and s such that L = rs. If we parametrise the central charge as in (2.1), which
enjoys the invariance under g −→ 1/g, then the conformal dimension of these fields φ(r,s) 5
acquires the form
∆(r,s) =
1
4
[
r2 − 1
g
+ (s2 − 1)g + 2(1− rs)
]
. (2.12)
It is important to remark that singular vectors of level L = rs exist if and only if the central
charge c and the highest conformal weight ∆(r, s) have the form (2.1) and (2.12) respectively.
For future reference, let us write explicitly the null vector conditions (2.11) at levels
L = 1, 2 and 3, whose general form is
O(g)L (z)φ(r,s) = 0 =⇒ O(g)L (z)〈φ(r,s)•〉 = 0, (2.13)
where the dependence on the central charge through g as well as on the pair of integers (r, s)
is explicit. Thus:
• L = 1. There is just one operator with conformal dimension ∆(1,1) = 0, which is
nothing but the identity operator φ(1,1) = I:
O(g)1 (z)φ(1,1)(z) ≡ L−1φ(1,1)(z) ≡ ∂zφ(1,1)(z) = 0 (2.14)
• L = 2. There are two operators at this level, φ(1,2) and φ(2,1), with respectively
conformal dimensions ∆(1,2) = (3g − 2)/4 and ∆(2,1) = (3− 2g)/4g, which satisfy the
5It is convenient to use the labels (r, s) to make manifest that a field is degenerate.
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following differential equations
0 = O(g)2 (z)〈φ(1,2)(z)•〉 ≡
[
L2−1 − gL−2
] 〈φ(1,2)(z)•〉
0 = O(1/g)2 (z)〈φ(2,1)(z)•〉 ≡
[
L2−1 −
1
g
L−2
]
〈φ(2,1)(z)•〉
(2.15)
• L = 3. As in the previous case, there are two degenerate operators, namely φ(1,3) and
φ(3,1), with conformal dimension respectively ∆(1,3) = 2g − 1 and ∆(3,1) = 2/g − 1,
whose correlators satisfy the following third-order differential equation:
0 = O(g)3 (z)〈φ(1,3)(z)•〉 ≡
[
L3−1 − 4gL−2L−1 − 2g(1 − 2g)L−3
] 〈φ(1,3)(z)•〉
0 = O(1/g)3 (z)〈φ(3,1)(z)•〉 ≡
[
L3−1 −
4
g
L−2L−1 − 2
g
(1− 2
g
)L−3
]
〈φ(3,1)(z)•〉
(2.16)
Notice that the equations for φ(r,s) ad φ(s,r) are related to each other via the transformation
g −→ 1/g, which is the very same leaving the central charge invariant. Furthermore, the
semi-classical limit c −→ ∞ can be taken in two ways in terms of g by sending it either to
0− or to −∞.
2.1 From null vectors to integrable models: A first look
The Virasoro singular vectors discussed in the previous section turn out to be in one-to-one
correspondence with the Jack symmetric functions Jλ graded by rectangular Young diagrams
[31], which are eigenfunctions of the Laplace-Beltrami operator,
H˜ =
N∑
i=1
(zi∂zi)
2 + g
∑
i<j
zi + zj
zi + zj
(
zi∂zi − zj∂zj
)
, (2.17)
with g being a coupling constant and λ being a lexicographically ordered partition λ =
[λ1, . . . , λN ]. The eigenvalues of H˜ in (2.17) corresponing to the Jack symmetric eigenfunc-
tions Jλ are
Λ2(g) =
N∑
i=1
λi [λi + g (N + 1− 2i)] . (2.18)
The operator is related to the (second order) Calogero-Sutherland Hamiltonian H (g)2 via
a similarity transformation, with such a tranformation involving the Calogero-Sutherland
vacuum N -particle wave-function ΨN :
H
(g)
2 =
N∑
i=1
(zi∂zi)
2 − g(g − 1)
∑
i 6=j
zizj
(zi − zj)2 , ΨN (z) =
∏
i<j
(zi − zj)g/2 ,
H˜ = [ΨN (z)]
−1H
(g)
2 ΨN (z) − ε0, ε0 ≡ zero-point energy.
(2.19)
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The Calogero-Sutherland model describes a quantum mechanical N -particle system on a
circle with a pairwise long range interaction (inverse square potential). It turns out to be
completely integrable and thus caracterised by an infinite set of (commuting) integrals of
motion. For later convenience, let us list the very first of them:
H
(g)
1 =
N∑
i=1
zi∂zi ,
H
(g)
2 =
N∑
i=1
(zi∂zi)
2 − g(g − 1)
∑
i 6=j
zizj
(zi − zj)2 ,
H
(g)
3 =
N∑
i=1
(zi∂zi)
3 − 3
2
g(g − 1)
∑
i 6=j
zizj
(zi − zj)2
(
zi∂zi + zj∂zj
)
.
(2.20)
In general, as is true for an integrable system, the integrals are generated by a N × N Lax
matrix, Lkl = zi∂iδk,l +
∑
i 6=j
zi
zi−zj
( 1 − δk,l ) from which the the n-th invariant H(g)n can be
reproduced as
H(g)n = Tr {Ln} (2.21)
Because of the similarity transformation (2.19) between H˜ and H (g)2
6, the eigenfunctions of
the second order Calogero-Sutherland Hamiltonian H (g)2 acquire the form ΨN (z)Jλ(z), with
Jλ(z) being the Jack symmetric polynomials which describe the Calogero-Sutherland excited
states.
3 Methodology
Let us now consider AdS2 as a BCFT2 on a unit disk D, which can be obtained from
the upper-half plane via the conformal transformation (2.5). The spectrum of this theory is
described by AdS2 and fragments of AdS2 in the conformal gauge, which correspond to the ZZ
boundary conditions on the unit circle [32]. The s-th ZZ boundary condition corresponding
to the (s−1)-th excitation in the spectrum is the primary state, |φ(1, s)〉, having a null state at
the s-th level, with the identity operator, I ≡ |φ(1, 1)〉, corresponding to the vacuum. Solving
this is equivalent to knowing all correlation functions of this theory. We consider the problem
of tracing particles moving in the unit disk. In particular, a particle moving from a boundary
point z1 on the unit circle towards a bulk point (w, w¯) with an operator insertion V (w, w¯)
and returning to another point z2 on the unit circle, corresponds to boundary operator
insertions at z1 and z2 on the boundary. Since the degenerate primaries form a basis for
6Notice that the zero-point ε0 in (2.19) comes from a similarity transformation on H1. In other words, if
we consider the similarity transformation ΨN H˜Ψ
−1
N on H˜ (which is the inverse of (2.19)), we obtain a linear
combination of the first- and second-order Calogero-Sutherland Hamiltonians H1 and H2.
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these operators, we are naturally led to a basis for these curves which consists of curves
intersecting the boundary at points corresponding to the insertion of a degenerate primary.
Hence, computing the probability P(γs(w, w¯); z1, z2) of such a curve γs, yields the correlator
of the corresponding degenerate boundary primaries localized at the intersection points, given
by:
P(γs(w, w¯); z1, z2) = 〈φ(1, s)(z1)|V (w, w¯) |φ(1, s)(z2)〉. (3.1)
If the bulk operator V (w, w¯) is taken to be an identity operator, then this bulk boundary
operator is essentially a boundary-boundary correlation function. These curves have the
following properties:
1. As the space time has an SL (2,R) isometry, the measure on the curves is preserved
under a conformal transformation.
2. Under the usual insertion of basis of states,{Oi}(w, w¯) in a correlation function,
〈φ(1, s)|φ(1, s)〉 =
∑
i
〈φ(1, s)|Oi(w, w¯)〉〈Oi (w, w¯) |φ(1, s)〉 , (3.2)
we see that the conditional probability to go from the point (w, w¯) to the final point
give the trajectory A from the initial point to (w, w¯) is the same as the probability of
a trajectory from (w, w¯) to the final point in the domain of the unit disk modulo A.
The above two conditions ensure [16] that curves of the type γs are a combination of two
radial SLE curves, one stretching from a boundary point z∂ to a bulk point and another from
the bulk to a second boundary point. We will henceforth take this bulk point to be at the
origin, without loss of generality, as one can always conformally transform back the origin to
the given bulk point by a boundary-preserving map:
z −→ z + w
w¯z + 1
. (3.3)
Therefore, given λ to be the affine parameter on a given SLE curve, then one can track the
evolution of the curve from the boundary to the bulk by first mapping the point on the curve
z(λ) to the boundary of the disk via a mapping gz∂ : D → ∂D and subsequently tracing the
curve in the bulk by tracing the evolution of the map with respect to λ. The corresponding
equation must map the boundary of the unit disk to itself modulo the intersection point
of the curve with the boundary and leave the origin invariant and must be a meromorphic
function, with poles only on the boundary. These criteria restricts the curves to be given by
the Lo¨wner equation [16]
∂λgz∂ (z(λ)) = −gz1
gz∂ + z∂
gz∂ − z∂
(3.4)
9
The above equation satisfying the Lo¨wner criteria governs the evolution of the SLE curve in
terms of dynamics of points on the boundary that are shadows to points on this curve under
the map g. In order to see the implications for the correlation function under consideration
(which is a composite of two such curves), we simply apply a conformal transformation based
on (3.4) on it. The result of this conformal transformation on the correlation function of
degenerate primaries (i.e. taking the bulk insertion V to be the identity) is given as,(∫
∂Din
dz α(z)T (z) +
∫
∂Dout
dz¯ α(z) T¯ (z¯)
)
〈φ(1, s)(z1)|I(0)|φ(1, s)(z2)〉 = 0 . (3.5)
Here, Din and Dout signify the integration done on a curve infinitesimally close to the unit
circle in the counterclockwise direction, inside and out of the unit disk respectively.
α2(z) = −z
2∑
i=1
z + zi
z − zi , (3.6)
where the boundary points zi correspond to the starting and ending positions of the SLE
curve or the position of the boundary operators. Note that the conformal map α2(z) designed
to satisfy the Lo¨wner criteria is only one of a class of meromorophic functions with poles on
the boundary of the unit disk, and indexed by L ∈ N+. A generic member of this Lo¨wner
function class is given by
αL(z) = i
Lz
2∑
i=1
(
z + zi
z − zi
)L−1
, (3.7)
with the conformal map, α2(z) in (3.6) corresponding to L = 2. Now notice that from
T (z)T (0) ∼ z−4, we have T (z) = z¯−4T (z¯−1), while α(z) = −z¯2α(z¯−1). This allows us to
re-write the left-hand-side of (3.5) as
∑
i
∮
γzi
dz α2(z)T (z)〈φ(1, s)(z1)|I(0)|φ(1, s)(z2)〉 (3.8)
where γzi is a contour encircling the point zi only. Evaluating (3.8) by mean of the OPE of
the stress tensor T with the operators Oi, we obtain:
∑
i
∮
zi
dz α2(z)T (z)〈φ(1, s)(z1)|I(0)|φ(1, s)(z2)〉 = T11 + T12 (3.9)
where
T11 ≡
∑
i
L0(zi) + 3ziL−1(zi) + 2z
2
i L−2(zi) and T12 ≡ − 2
∑
j 6=i
zi zj
z2ij
+
∑
j 6=i
zi
zi + zj
zi − zj ∂i
(3.10)
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For s = 2, the degenerate boundary primary satisfy the null vector condition (2.15). Thus,
using L−1φ
(1, s)(zi) = ( ∂i − ∆(1, s)z−1i )φ(1, s)7 we finally resolve eq (3.9) into
∑
i
∮
γzi
dzα2(z)T (z)〈φ(1, s)(z1)|I(0)|φ(1, s)(z2)〉 = 2∆2(1, 2) + 2(1 − g)∆(1, 2)+
+
(
3 g
2
− 2∆(1, 2) − 1
)
H1 +
2∑
i=1
(zi∂i)
2−
− 2g∆(1, 2)
∑
i<j
zizj
z2ij
+
g
2
∑
i<j
zi + zj
zij
(zi∂i − zj∂j),
(3.11)
where H1 ≡
∑2
i=1 zi∂i is the total momentum of the particles on the unit circle and zij ≡
zi − zj . Explicitly noting,
H˜2 =
∑
i
(zi∂i)
2 − 4g∆1,2
∑
i<j
zizj
z2ij
+ g
∑
i<j
zi + zj
zij
(zi∂i − zj∂j) , (3.12)
to be, up to a similarity transformation, the Calogero-Sutherland (CS) Hamiltonian, whileH1
is the first integral invariant of the CS model, we see that the boundary correlation function
of two level-2 degenerate primaries operators φ(1, 2) is an eigenvalue a linear combination of
the first two Calogero invariants (See [33] for the first computation to explicitly demonstrate
this).
We wish to analyze AdS2 geodesics or SLE curves whose boundary intersections corre-
spond to higher-level degenerate primaries. The obvious treatment here is to generalize the
above discussion to the full Lo¨wner class map, i.e. compute the operation of the conformal
map αL for generic L. We first decompose the map as
αL = i
L
∑
i
L−1∑
k=0
(2zi)
k
[
1
(z − zi)k−1 +
zi
(z − zi)k
]
(3.13)
7In order to derive this expression, we use the relation between the holomorphic and anti-holomorphic
VIrasoro generators arising from the conformal condition on the stress tensor in a BCFT as explicated in (2.6)
in Section 2 and further, from the action of rotation on the boundary operator as
(
zBL−1 − z¯BL¯−1
)
|φ(1, 2)〉 =
(
zB∂B − z¯B ∂¯B
)
|φ(1, 2)〉 to obtain the required explicit form for L−1.
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we denote the boundary correlator correspondinag to (3.13) 〈φ(1, L)(z1)|φ(1, L)(z2)〉. This leads
to the following generalization of (3.9) for arbitrary L as
2∑
i=1
∮
γzi
αL(z)T (z)〈φ(1, L)|φ(1, L)〉 = T1,L + T2,L =
=
∑
i
L−1∑
k=0
(
L− 1
k
)
(2zi) (L−k + ziL−k−1)
+
∑
i 6=j
∆i
[(
zi + zj
zij
)L−1
+ (L− 1)
(
zi + zj
zi − zj
)L−2( 1
zi − zj −
zi + zj
z2ij
)]
+
(
zi + zj
zi − zj
)L−1
zi∂i
(3.14)
We can further divide T2,L in the above expression into two groups defined by L mod 2 = 0 (1).
For even L, we get T2,L to be
T2,L = ∆(1, L)
∑
i<j
[(
zi + zj
zij
)L−2
−
(
zi + zj
zij
)L]
+
∑
i<j
(
zi + zj
zij
)L−1
(zi∂i − zj∂j) (3.15)
while for odd L, we have,
T2,L = ∆(1, L)
∑
i<j
2
(
zi + zj
zij
)L−1
+
∑
i<j
(
zi + zj
zij
)L−1
(zi∂i + zj∂j) (3.16)
We see that T1,L is a combination of Virasoro generators L−m with 0 ≤ m ≤ L. Taking φ(1, L)
to be the degenerate boundary primary at level L given by the standard equation:
det
{
−J− +
L−1∑
m=0
(−g)mJm+ L−m−1
}
|φ(1, L)〉 = 0 (3.17)
where, J−(ij) = δij − δi,1δj,1, 1 ≤ i, j ≤ L and J+(ij) = i(l − i)δi+1,j , we see that the null
vector condition effectively allows a re-writing of L−m terms in T1,L as a polynomial in L−1
of degree L. This will yield an expression of the form,
∑
i
∑L
j=0 aj(g) z
j
i L
j
−1 which written in
terms of derivative operators, again using, L−1φ
(1, n)(zi) =
(
∂i − ∆(1, 2)z−1i
)
φ(1, n)(zi), and
as in the L = 2 case, yields,
T1,L =
∑
i
L∑
j=0
aj(g)z
j
i ∂
j
i (3.18)
Hence:
∑
i
∮
γzi
αL(z)T (z)〈φ1,L|φ1,L〉
∣∣∣∣∣
{L mod 2 = 0}
=
∑
i
L∑
j=0
aj(g)z
j
i ∂
j
i
+∆(1, L)
∑
i<j
[(
zi + zj
zij
)L−2
−
(
zi + zj
zij
)L]
+
∑
i<j
(
zi + zj
zij
)L−1 (zi∂i − zj∂j)
(3.19)
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while
∑
i
∮
γzi
αL(z)T (z)〈φ(1, L)|φ(1, L)〉
∣∣∣∣∣
L mod 2 = 1
=
∑
i
L∑
j=0
aj(g)z
j
i ∂
j
i
+∆1,L
∑
i<j
2
(
zi + zj
zij
)L−1
+
∑
i<j
(
zi + zj
zij
)L−1
(zi∂i + zj∂j)
(3.20)
The above equations can be trivially identified with a linear combination of the first L
Calogero invariants. Hence, to sum up, the SLE curve governed by a (L − 1)-th order
pole Lo¨wner equation intersects the boundary of the unit disk at points corresponding to
boundary operator insertions |φ(1, L)〉, and the boundary correlator of these two insertions is
an eigenfunction of a linear combination of the first L Calogero-Sutherland invariants. The
above discussion has been conducted for two particles but can be easily generalized to N > 2
particles.
4 BCFT2 Correlators and the CS Model
Let us now further explore the connection between BCFT2 and CS model. Specifically, we
will discuss the link between the conditions satisfied by correlators containing (degenerate)
boundary operators and the CS integrals of motions. It was already shown that the null vec-
tor conditions on correlators of m φ(1,2) fields and n φ(2,1) fields can be recast in terms of the
CS integrals of motion up to order 2 (i.e. the total momentum H1 and the CS Hamiltonian
H
(g)
2 in (2.20)) [34], while a non-vanishing correlators of N degenerate level-2 boundary field
and a bulk field placed at the origin is an eigenfunction of the CS Hamiltonian H
(g)
2 and the
conformal dimension of the bulk field can be expressed in terms of the corresponding eigen-
value [35]. In this section we review these results and extend them to degenerate operators
at higher level and thus to higher order CS invariants. We are interested in the following
class of correlators:
Cm+n+1 ({zi} , {wj} ; 0) ≡ 〈
m∏
i=1
φ(r, s)(zi)
n∏
j=1
φ(r
′, s′)(wj)V (0)〉, (4.1)
where L = rs and L′ = r′s′ are the level at which the operators φ(r, s)(zi) and φ
(r′, s′)(wj)
are respectively degenerate. They can be found to be expressed in terms of eigenfunctions of
the CS Hamiltonians via the following class of infinitesimal conformal transformations
z −→ z+α(λ, λ′)(z), α(λ, λ′)(z) = iλz
m∑
i=1
βi
(
z + zi
z − zi
)λ−1
+ iλ
′
z
n∑
j=1
βj
(
z + wj
z − wj
)λ′−1
, (4.2)
where βi’s are the infinitesimal parameters and, consistently with the notation in (4.1) (λ, λ
′)
are the degeneracy levels of the boundary fields and zi’s and wj ’s are their locations (with
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|zi| = 1 = |wj |). This transformation preserves the interior of the disk (the bulk), satisfying
the relation
α(λ, λ′)(z) = −z2α(λ, λ′)(1/z), (4.3)
and behaves as a dilatation in a neighbourhood of the origin, while it contains singularities
at the insertions of the boundary fields. As a consequence, the conformal Ward identity
related to such a transformation receives non-trivial contributions from these points. More
concretely, one way of evaluating the integral
GCWI = 1
2pii
∫
γ
dz α(λ, λ′)(z)〈T (z)
m∏
i=1
φ(r, s)(zi)
n∏
j=1
φ(r
′, s′)(wj)V (0)〉−
− 1
2pii
∫
γ
dz¯ α(λ, λ′)(z)〈T¯ (z¯)
m∏
i=1
φ(r, s)(zi)
n∏
j=1
φ(r
′, s′)(wj)V (0)〉
(4.4)
which generates the conformal Ward identities is by deforming the contour of integration
closer and closer to the boundary, picking just the contribution of the insertions of the
boundary degenerate fields while the integral along the rest of the boundary vanishes because
of the conformal boundary conditions [30]. The conformal boundary conditions themselves
connect T¯ (z¯) inside the disk to the continuation of the holomorphic stress tensor outside the
disk
T¯ (z¯) = z¯−4T (1/z¯) (4.5)
allowing to compute the contributions from the boundary degenerate fields as a contour
integral of just the holomorphic part of (4.4) with a clockwise contour which is a direct
product of circles around their insertions. Furthermore, (4.5) relates at the boundary the
anti-holomorphic Virasoro generators to the holomorphic ones
L¯k = (−1)k z¯2ki
∑
l≥0
z¯li
(2− k − l)l
l!
Lk+l (4.6)
allowing, together with the infinitesimal conformal transformations α(λ, λ′)(z) (λ ≤ L, λ′ ≤
L′), to find the modes L−k as differential operators acting on the boundary.
The final result is an eigenvalue equation for the correlator containing degenerate fields
showing a linear combination of the Virasoro generators L−k (with k ∈ [0, L]). Then the
L-th order null-vector condition allows to tread the highest order Virasoro generator L−L for
a combination of the lower one, with the eigen-value equation which can be written in terms
of Calogero-Sutherland commuting operators Hk (up to a similarity transformation), with n
being at most equal to L. Let us see how this works in the cases L = 2 and L = 3.
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4.1 Bulk-boundary correlators with level-2 degenerate primaries
For the sake of simplicity and clarity, let us now consider the correlator on the disk of two
fields which are degenerate at level 2, e.g. two φ(1, 2) and a bulk field V (w, w¯). The degenerate
fields are located at the boundary of the disk while the bulk operator at its center. This sub-
section reproduces the result firstly obtained in [35].
V(0)
φφ(z)1 (z)2
(1,2) (1,2)
Taking the conformal transformation (4.2) with L = 2 (andm = 2, n = 0), the Conformal
Ward Identity (4.4) with a contour γ which encircles the center of the disk only returns
GCWI =
(
2∑
i=1
βi
)
∆V〈φ(1, 2)(z1)φ(1, 2)(z2)V (0)〉, (4.7)
where ∆V is the sum of the holomorphic and anti-holomorphic conformal dimentions of V .
Evaluating now (4.4) deforming the contour towards the boundary of the disk as explained in
the introductory part of this section, using the OPEs for such operators and expanding α(z)
around zi’s, the terms of the OPE contributing to the integrals are all from the leading one
(containing the conformal dimension) to L−2. Using now the null vector condition (2.15),
one can tread L−2 for g
−1L2−1, so that GCWI acquires the form of the Calogero-Sutherland
Hamiltonian (up to a similarity transformation) and a constant. Concretely, the integration
over the contour of interest yields
GCWI = 2
g
β
[
2∑
i=1
[
z
∆(1, 2)
i (zi∂zi)
2 z
−∆(1, 2)
i
]
+
g
2
(z1∂z1 − z2∂z2)−
2g∆1, 2z1z2
(z1 − z2)2 + g∆(1, 2)+
+
(
3
2
g − 1
) 2∑
i=1
[
z
∆(1, 2)
i (zi∂zi) z
−∆(1, 2)
i
]]
〈φ(1, 2)(z1)φ(1, 2)(z2)V (0)〉,
(4.8)
with the first three terms resembling the CS integral of motion at order 2 – up to a similarity
transformation –, while the last one at order 1 (notice that the parameters βi have been taken
to be equal). The similarity transformation which returns a more recognisable form for the
second order integral of motion is given by
Gˆ −→ |Ψ2|g/2Gˆ|Ψ2|−g/2, Ψ(z) ≡ (z1 − z2) (4.9)
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with Gˆ being the operator in equation (4.8). Thus, the conformal Ward identity provides an
eigenvalue equation for the correlator which involves the second-order Calogero-Sutherland
Hamiltonian:[
H (g)2 −
g2
8
− g − 2
2
∆(1, 2)
]
Ψ
g/2
2 〈φ(1, 2)(z1)φ(1, 2)(z2)V (0)〉 = g∆VΨg/22 〈φ(1, 2)(z1)φ(1, 2)(z2)V (0)〉,
(4.10)
where the second term on the left-hand-side is proportional to the energy of the ground-
state wave-function of H (g)2 , while the third one is given by g
(
∆(1, 2)
6 +
c
12
)
, in agreement
with [35,36]. Joining both equation (4.7) and (4.10), the correlator in question is determined
in terms of CS integrals of motion as well as the conformal dimension of the bulk operator is
determined in terms of the eigenvalues of such integrals of motions:
∆V = g
−1
[
Λ2(g)− g
2
8
+
∆(1, 2)
6
+
c
12
]
, (4.11)
with Λi being the eigenvalues of Hi. As the two boundary insertions are brought closer and
closer together, the correlator behaves as |z1 − z2|σ with the eigenvalue equation allowing
for two solutions according to the OPE of two boundary (1, 2)-fields (which contains just
the identity operator φ(1, 1) ≡ I and φ(1, 3). Such two solutions correspond to two possible
boundary conditions.
Thus, the correlator of two boundary fields which are degenerate at level 2 and one bulk
field is related to an eigenfunction of the Calogero-Sutherland Hamiltonian with eigenvalue
Λ2(g). Importantly, this result is not specific of bulk operators placed at the origin of the
disk, and can be mapped for bulk operators at generic point of the disk by the following
conformal transformation:
z −→ f(z) = z + w
zw¯ + 1
. (4.12)
Notice that this conformal transformation maps boundary points on the disk to boundary
point on the disk8, while the origin in z is now moved to a generic point w.
According to eq (4.10), the correlator of two level-2 degenerate primaries φ(1, 2) and a bulk
operator V , multiplied by the 2-particle wave-function to the power g/2, is an eigenfunction
of purely the second order CS Hamiltonian H (g)2 and, therefore, it can be expressed in terms of
Jack symmetric functions. In [32], this correlator has been related in the semi-classical limit
to two-fragmented of (global) AdS2: as g −→ ∞, the AdS2 asymptotics survives at both
boundaries (thinking of AdS2 as a BCFT2 on the strip) and such a behaviour keeps holding
at finite g. Thus, eq (4.10) states that the the two-fragmented AdS2 solution is determined
by the second order CS Hamiltonian and thus it is related the the CS wave-function. Very
8It is straightforward to check that for any boundary point zi, which are such that ziz¯i = 1, f(zi) = f
−1(zi)
and thus f(zi) still lies on the boundary of the unit disk.
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importantly, the spectrum of the bulk operators is determined by the spectrum of H (g)2 . As
we will see in what follows, this statement can be generalised, relating the s-fragmented
AdS2 solutions to the s-th order CS Hamiltonians, and the admitted boundary conditions
are determined by the behaviour of the CS wave-function as a pair of particles are brought
closer and closer to each other as prescribed by the relevant eigenvalue equation, which is
expressed in terms of H (g)s .
4.2 Bulk-boundary correlators with higher-level degenerate primaries
Let us now turn to correlators with higher-level degenerate primaries and a bulk operator.
For the time being, we focus on the correlators (4.1) with just one type φ(r, s)(zi) of boundary
fields. As for the previous discussion, we perform the Conformal Ward Indentity integral (4.4)
by considering a contour around the origin and then deformining it towards the boundary.
The first computation yields the following expression
G(L)β = −(−i)L
(
m∑
i=1
βi
)(
∆ν + (−1)L∆¯ν
) 〈 m∏
i=1
φ(r, s)(zi)V (0)〉, (4.13)
where ∆ν and ∆¯ν are respectively the holomorphic and anti-holomorphic conformal dimen-
sions of the bulk operator V . For the sake of concreteness let us specify ourselves to L = 3
and choose the boundary operators to be φ(1, 3). The eigenvalue equation obtained from the
Conformal Ward Identity has the following form
Gˆ(3)C(1, 3)3 (z1, z2; 0) = −σV C(1, 3)3 (z1, z2; 0), σV ≡ ∆ν − ∆¯ν ,
Gˆ(3) = 2
2∑
i=1
z3i L
(i)
−3 + 4
2∑
i=1
z2i L
(i)
−2 + 3
2∑
i=1
ziL
(i)
−1 + 2∆(1, 3)+
+ 2
z1z2
(z1 − z2)2
2∑
i=1
ziL
(i)
−1 + 4∆(1, 3)
z1z2
(z1 − z2)2
(4.14)
Using the null vector condition (2.16), after a little algebra9, one can recast the operator Gˆ(3)
in the following form
Gˆ(3) = 1
g(1 − 2g)
{
2∑
i=1
(zi∂zi)
3 +
[
∆(1, 3) − (∆(1, 3) + 1)(∆(1, 3) + 2)
2
] 2∑
i=1
zi∂zi
−3∆(1, 3)(∆(1, 3) + 1) z1z2
(z1 − z2)2
2∑
i=1
zi∂zi +∆(1, 3)(∆(1, 3) + 1)(∆V + 2)
}
.
(4.15)
9Notice that the Conformal Ward Identity (4.13) for general φ(r, s) and L = 1 tells us that these bulk-
boundary correlators are eigenfunctions of the first order CS Hamiltonian H1 with the eigenvalue being the
spin σV of the bulk field.
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Notice that, similarly to the level-2 case, the operator (4.15) can be given in terms of third-
order CS Hamiltonian H (g)3 . Thus the correlator under examination is related to an eigenfunc-
tion of H (g)3 and its spectrum determines the conformal dimension allowed for the bulk-field
and its spin.
5 Towards Black Hole Entropy
We now delineate the precise physical relevance or meaning of these particles to extremal
black hole entropy. In order to clarify this, consider the classic N = 4 IIB 5D extremal
D1 − D5 − P black hole, with a U-duality charge invariant, I = Q1Q5P , where Q1 and
Q5 are the D1- and D5-brane charges, and P is the momentum on the common direction
of the D1 and D5 branes. The near horizon geometry of this system is a BTZ in AdS3
holographically dual to a CFT2 with central charge c = 6Q1Q5. The BTZ black hole is then
modeled as a thermal ensemble in one of the chiral halves of the CFT2 which lived on the
asymptotic circle of the AdS3 background
10. The dilatation eigenvalue of this chiral half is
proportional to the momentum P – L0 = P/(6Q1Q5) [3]. This CFT has a target space
which is a 6Q1Q5 symmetric product of the compact manifold which form the Neumann
directions for the branes. As one takes the near-horizon geometry, of this BTZ spacetime,
one approaches an AdS2 × S1 geometry. The momentum on the AdS3 circle appears as
charged particles carrying net charge equal to the momentum P in AdS2. The trajectory of
each of these particles as they emerge from the boundary and are re-absorbed back into it
is mappable to a set of interacting symmetric indistinguishable coordinates on the boundary
by the SLE transform. Hence, counting the partitions of these Calogero particles in terms
of SLE equivalence classes, will give the degeneracy of this particle bath. As each of these
particles is an excitation in a 6Q1Q5 symmetric product field theory, it carries 6Q1Q5 degrees
of freedom and hence, the total number of independent coordinates on the boundary of the
unit disk, N = 6Q1Q5P = 6I. Given a finite number of particles, N , each of these will
move along one type of SLE curve corresponding to a particular L and hence to a boundary
insertion of φ(1, L). In principle, one could partition these particles into at most N classes
of SLE curves. Hence, the degeneracy of this particle bath in AdS2is simply equal to the
number of partitions of N . Consequently, the generating function for the dimension of the
particle Hilbert space 11 is
1
Πi(1− qi) =
∑
N
d(N)e−βN (5.1)
10This asymptotic circle is nothing but the common direction between the D1 and D5 branes
11We are implictly assuming that these are free particles and operate in a regime where their interaction is
negligible. In practical examples as in black hole entropy counting this is justified by taking these particles to
be BPS.
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where q = e−β is a chemical potential for the counting. This can be inverted to compute the
leading degeneracy at large N as
d(N) =
∫
dβeβ
q
1
24
η(β)
(5.2)
where η = 1
q
1
24Πn(1−qn)
is the Dedekind η-function generating the partition of numbers. Using
the modular behavior of the η function:
η
(
4pi2
β
)
=
(
β
2pi
)1/2
η(β) , (5.3)
we see that the ’high-temperature’ β → 0 limit of (5.2) yields
d(N)|β→0 =
∫
dβeβN
e
4pi2
24β
η(β)
(5.4)
The saddle point expansion of the RHS of (5.4) around β =
√
π2
6N yields a leading order value
given by
d(N) = e
2π
√
N
6 (5.5)
This gives the degeneracy of the system to be
dBH = d(N)|N=6I = 2pi
√
I = 2pi
√
Q1Q5P . (5.6)
6 Summary and Open Questions
In this note we modeled the microscopic entropy of a four dimensional static extremal black
hole in supergravity in terms of free particles carrying electric charge in the near horizon AdS2
geometry. The primary question here was to find a consistent criterion for computing the
degeneracy of the Hilbert space of these particles. In other words, we wanted to find a way to
classify these particle trajectories. We developed this classification by relating the geodesics
traced by these particles to SLE curves which could be projected onto the boundary of the
unit disk. Consequently, they could be encoded in terms of the interactions of the shadow
of the curve, under this projection, on the boundary. Noticeably, the Lo¨wner criterion based
conformal transformations that performed the ’shadowing’ operation on the SLE curve map
the region of AdS2, not in the hull of the curve, to AdS2. Hence, it effectively removed
the curve from the bulk. The resulting interactions governing the shadow boundary points
turn out to be given by linear combinations of the Calogero-Sutherland integral of motion,
if the boundary conditions at the points of insertion of the curve with the unit circle were
degenerate boundary operators. Thereby, in the conformal shadow frame, where the bulk
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does not contain a curve, there is a boundary operator insertion of a primary field of the
form |φ(1, 2)〉, at the point of intersection of the curve with the boundary. This primary field
admitted a null state at level 2. In general, under a Lo¨wner-based shadow transform with an
L-th order pole, the shadow frame includes the insertions of a degenerate boundary operator
with a singular vector at level L and which corresponds to [32] the L-th order fragmentation
of AdS2. The interaction governing the boundary points is a linear combination of the first
L invariants of the integrable Calogero model.
Thus, the SLE curves were seen to be divided into equivalence classes based on their
ZZ boundary condition or more directly by the level L at which the corresponding singular
vector appeared. Therefore, the space of equivalence classes was graded by integers. This
effectively introduces a quantisation in the space of the SLE curves. Hence, counting the
degeneracy of this particle bath was equivalent to counting the derangements of the particle
number. In the limit of large particle numbers, this was simply the leading expansion of
the microcanonical ensemble contributing to the reciprocal of the Dedekin η function and
resulted in an exponential degeneracy. In the cases, where this AdS2 is seen as a reduction
of the BTZ black hole in AdS3, the particle number is simply the effective momentum on the
asymptotic circle in the AdS3, and this identification yields the Bekenstein-Hawking black
hole entropy.
Note that in the shadow picture, this partition is simply equal to a choice of ZZ boundary
conditions, and given N particles, the dimension of the Hilbert space is simply the number
of ways of distributing these N particles into various boundary operator classes. However,
as indicated above, these boundary operators corresponds to fragmentations of AdS, in the
conformal shadow frame. Therefore one can potentially think of the black hole microstates
as being partitions of AdS2 fragments. To sum up, the AdS fragments can be interpreted
as microstate geometries for the black hole, which can be viewed as a manifestation of black
hole complementarity.
Relations between the integrable Calogero model and AdS2 have been explored and stud-
ied quite extensively in literature (See [37, 38] for a early interesting approach to analyzing
world-line dyamics of particles in AdS as Calogero particles as well as [39] for a counting
based on Landau levels of electric particles moving in the magnetically fluxed AdS2 space-
time). However, this note establishes this relation clearly and then uses it to classify the
Hilbet space of particles in AdS2, so as to get a handle on the counting problem. Further,
as one moves from the asymptotic geometry of BTZ in AdS3 to the near-horizon geometry,
from the reduced two-dimensional perspective, one moves from a background with a flow-
ing dilaton to that with a fixed one. Hence, this probably indicates that AdS2 RG might
potentially be modelled as a geometric flow in BTZ background. There exists a program
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by Doyon [40] to compute CFT correlators simply based on SLE. This should give us a first
principle understanding of the organisation of field theory states that make a black hole, both
from the AdS3 and AdS2 perspective, provided we understand how to map deformations of
CFT to those in the SLE language. Lastly, and most importantly, the above counting of
entropy was accomplished only in cases where the AdS2 was obtained as a reduction of AdS3.
An independent first principle derivation of the number of particles, N is still lacking and
more study needs to be done on how the wave functions of the Calogero Hamiltonian capture
the SLE curves to arrive at this result.
Acknowledgments
We would like to thank the organisers of the workshop Stringy geometry and the MiTP for
hospitality and partial support during the workshop, where this project started. S.N gladly
acknowledges fruitful and instructive conversations with Gary Gibbons, Olaf Lechtenfeld,
Gabriel Cardoso and Thomas Mohaupt. P.B. would also like to thank the CAMGSD at the
IST Lisbonand Gabriel Cardoso for hospitality while this work was in progress, as well as Kepa
Sousa for valuable discussions. Finally, P.B. thanks the developers of SAGE [41], Maxima [42]
and Xfig [43]. P.B. is supported in part by Plan Nacional de Altas Energ´ıas (FPA2015-65480-
P) and the Spanish MINECO’s Centro de Excelencia Severo Ochoa Programme under grant
SEV-2012-0249, while S.N. by the FCT fellowship SFRH/BPD/101955/2014.
A Boundary Correlators of Degenerate Primaries at Level 2
Let us consider correlators involving just boundary fields, which are given in (4.1) with
(ri, si) = (1, 2), (r
′
j , s
′
j) = (2, 1) (which are the only possible fields which are degenerate at
level two) and no bulk field. In orden to obtain an eigenvalue equation for such correlators in
terms just of CS Hamiltonians, one can proceed exactly as in the bulk-boundary correlator
case by considering the very same infinitesimal conformal transformation (4.2) with L =
L′ = 2, βi = g β and βj = β (i and j run on the (1, 2) and (2, 1) fields respectively, while β
is the infinitesimal parameter). This procedure returns the following eigenvalue equation for
m = 2 (1, 2)-fiels and n = 2 (2, 1)-fields:
Gˆ(2)〈φ(1, 2)(z1)φ(1, 2)(z2)φ(2, 1)(w1)φ(2, 1)(w2)〉 = 0 (A.1)
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where the operator Gˆ is given by
Gˆ(2) ≡
2∑
i=1
(zi∂zi)
2 +
g
2
z1 + z2
z1 − z2 (z1∂z1 − z2∂z2)− 2g∆(1, 2)
z1z2
(z1 − z2)2 −
g − 2
2
∆(1, 2) +
+ g

 2∑
j=1
(
wj∂wj
)2
+
g−1
2
w1 + w2
w1 − w2 (w1∂w1 − w2∂w2)− 2
∆(2, 1)
g
w1w2
(w1 − w2)2 −
g−1 − 2
2
∆(2, 1)

 +
+
2∑
i=1
zi∂zi + g
2∑
i=j
wj∂wj +
2∑
i,j=1
ziwj
zi − wj
(
∂zi − g∂wj
)− (∆(1, 2) + g∆(2, 1)) 2∑
i,j=1
ziwj
(zi − wj)2
(A.2)
The equation (A.1) can be recast in terms of the CS Hamiltonians via a similarity transfor-
mation on the operator G(2):
Gˆ(2) −→ |Ψ|Gˆ(2)|Ψ|−1, Ψ(z, w) = (z1 − z2)g/2
2∏
i,j=1
(zi − wj)1/2 (w1 − w2)1/(2g) (A.3)
obtaining that the correlators of just boundary operators which are degenerate at level 2 are
eigenfunctions, modulo the wave-function Ψ(z, w) in (A.3), of a linear combinations of the
CS Hamiltonians H1 and H2 of the (1, 2) and (2, 1) sectors:
0 =
{
H (g)2 (z)−H1(z) + g
[
H (1/g)2 (w) −H1(w)
]− E(g)}Ψ4(z, w)C4 ({zi}, {wj}) , (A.4)
wuth E(g) being a constant dependent on the energy of the ground-state wave-functions of
H (g)2 (z) and H
(1/g)
2 (w) and the central charge c. This result was found in a different way
in [33,34]. Notice that the presence of different types of boundary fields – φ(1, 2) and φ(2, 1) in
the current case – implies that the correlators, modulo the wave-function Ψ, can be expressed
in terms of non-polynomial eigenfunctions of the H (g)2 and H
(1/g)
2 [33].
This way of proceeding can be also extended to higher-level degenerate primaries, allow-
ing for a very direct computation of general boundary operators, which are related to the
factorisation channels of the bulk-boundary correlators.
B Charged Particles in AdS2 and Calogero Models
Let us consider a charged particle propagating in AdS2 with a background gauge field. This
setup was analysed in [17] to study the geodesic trajectories of probe D0-branes and in [44]
to discuss semi-classical Schwinger pair production in relation to AdS2 fragmentation. In
this appendix, we re-examine it to show that the dynamics of a probe particle in AdS2
with a background constant electric field is governed by the second order Hamiltonian of
Calogero-like models.
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For the time being, let us take the following generic form for the metric
ds22 = gµν(x)dx
µdxν , xµ = (t, σ) , A = − E
R2
δtµ
∫ σ
dσ′
√−gttgσσ ≡ E
R2
a(σ)δtµ, (B.1)
where gµν is taken to be dependent on the space coordinate σ only, R is the radius of AdS2,
A is the electric 1-form potential and E is the constant electric field. The propagation of
such a particle is conveniently described by the worldline action
S =
∫
dτ
{
1
2
e−1gµν(σ)x˙
µx˙ν − 1
2
em2 +Aµx˙
µ,
}
(B.2)
with τ being the affine parameter parametrising the worldline of the particle, the dot ˙
indicates the derivative with respect to such a parameter, and e = e(τ) is the einbein
along the worldline, reflecting the invariance of the action under one-dimensional worldline
diffeomorphisms12.
Let us now substitute the explicit expressions for the metric and the 1-form potential
(B.1) in the action (B.2):
S =
∫
dτ
{
1
2
e−1
[
gtt(σ)t˙
2 + gσσ(σ)σ˙
2
]− 1
2
em2 +
E
R2
a(σ)t˙
}
. (B.3)
Notice that this action depends on the time coordinate just through its derivative and, as
consequence, the related momentum is a first integral of motion on the worldline:
pt = e
−1gtt(σ)t˙+
E
R2
a(σ) ≡ const. (B.4)
The existence of such a conserved quantity implies that the model can be actually reduced to
one dimension. It is particularly instructive to rewrite the action (B.3) in Hamiltonian form:
S =
∫
dτ
{
pµx˙
µ − e
[
1
2
gµν(σ)
(
pµ − E
R2
a(σ)δtµ
)(
pν − E
R2
a(σ)δtν
)
+
1
2
m2
]}
. (B.5)
Notice that the einbein e now behaves as a Lagrange multiplier related to the constraint
H =
1
2
gµν
(
pµ − E
R2
a(σ)δtµ
)(
pν − E
R2
a(σ)δtν
)
+
1
2
m2 =
= gσσ
[
1
2
p2σ +
1
2
gσσ
(
m2 − (−gtt)E
2
R2
a2(σ)
)
− ptE
R2
gttgσσa(σ) +
1
2
gttgσσp
2
t
]
≈ 0,
(B.6)
where the weak equality “≈” just indicates that H is restricted to be zero but it is not
identically zero on the whole phase space.
12For a general look at the worldline formalism see [45,46]. For studies on the particle propagation in curved
space-time see [47–50] with a specific analysis of AdS/dS backgrounds in [51].
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So far the analysis has been completely classical. At quantum level, the condition (B.6)
selects all the physical states |Ψ〉, which have to satisfy it
H|Ψ〉 ≡ gσσH|Ψ〉 ≡
≡ gσσ
[
1
2
p2σ +
1
2
gσσ
(
m2 − (−gtt)E
2
R4
a2(σ)
)
− ptE
R2
gttgσσa(σ) +
1
2
gttgσσp
2
t
]
|Ψ〉 = 0,
(B.7)
with H being the term in square brackets. Actually, one can directly take H|Ψ〉 = 0 as
condition for the physical states.
Our treatment so far just showed that a charged particle propagating in a curved back-
ground is reducible to a quantum mechanical model defined by (B.7). Let us now specify to
some coordinate patch, starting with the metric in the Bertotti-Robinson form:
ds2 = −R
4
σ4
dt2 + 4
R2
σ2
dσ2, a(σ) =
R3
σ2
. (B.8)
The physical states are thus defined by
0 = H|Ψ〉 =
=
[
1
2
p2σ + 2
m2R2 − E2
σ2
− 2 p
2
t
R2
σ2 +
Ept
R
]
|Ψ〉.
(B.9)
Notice that this result has been obtained in Lorentz signature. In Euclidean signature, one
obtains a similar expression but with some sign changed:
0 = H|Ψ〉 =
=
[
1
2
p2σ + 2
E2 −m2R2
σ2
+ 2
p2t
R2
σ2 +
Ept
R
]
|Ψ〉.
(B.10)
Perform the following identifications
λ2 ≡ 2 (E2 −m2R2) , ω ≡ 2pt
R
, (B.11)
the condition (B.9) resemble the Calogero-Moser model, with the wave-function satisfying[
−1
2
(
d
dσ
)2
+
λ2
σ2
+
1
2
ω2σ2
]
Ψ(σ) = EΨ(σ), E = −ptE
R
(B.12)
It is important to emphasise that the constant E is due to the presence of the constant electric
field E.
Let us now choose the metric in such a way that it is explicitly conformally flat, which,
to some extent, allows us to treat simultaneously the case of Fefferman-Graham coordinates,
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global AdS and Schwarzchild coordinates:
ds2 = gµνdx
µdxν = Ω2(x)ηµνdx
µdxν , Ω(x) =


R
σ , σ ≥ 0
R
sin(σ) , σ ∈ [0, pi]
R
sinh(Rσ) , R = 2pi TH
(B.13)
with the function a(σ) related to the electric 1-form is given by a(σ) = R2/σ in FG coor-
dinates, a(σ) = R2 cot σ in global AdS and a(σ) = R2 cothRσ. In these patches and in
Euclidean time, one gets the following conditions on the physical states:
Poincare´ coordinates:
0 = H|Ψ〉 =
[
1
2
p2σ +
E2 −m2R2
2σ2
+
Ept
σ
+
p2t
2
]
|Ψ〉,
Global coordinates:
0 = H|Ψ〉 =
[
1
2
p2σ +
E2 −m2R2
2 sin2 σ
+ Ept cot σ +
p2t − E2
2
]
|Ψ〉,
Schwarzchild coordinates:
0 = H|Ψ〉 =
[
1
2
p2σ +
E2 −m2(2pi TH)2
2 sinh2 (2pi THσ)
+ Ept coth (2pi THσ) +
p2t + E
2
2
]
|Ψ〉.
(B.14)
Interestingly, the conditions above represent the Calogero model (for the Poincare´ patch),
the Calogero-Sutherland model and the Calogero-hyperbolic model, with an extra potential,
which is Coulomb-like in the first case, cot σ in the second one, and coth σ for the last one.
Turning the table around, changing from a Calogero model to the other one is equivalent to
change from an AdS2 coordinate patch to the other one.
Some comments are in order. First of all, even if it should be self-evident, despite the
fact that the coordinates have always been indicated with (t, σ), each choice of patch implies,
in general, a different choice of time and thus a different choice of time. Interestingly, the
Schwarzchild vacuum |0Schw〉 is equivalent to the Boulaware one |0Bouw〉, but inequivalent to
the global one |0Global〉 which is instead equivalent to the Poincare´ vacuum |0Poinc〉 [52]. On the
other side, the Sutherland model and hyperbolic one are related by an analytic continuation
for imaginary period of space [25].
Secondly, the Calogero-like equations represent the equation of motion of a scalar in AdS.
Furthermore, the physical states are defined at constant pt, which is a first integral of motion,
by the following eigenvalue (single variable) equation
HCal|Ψ〉 = ECal(pt, E)|Ψ〉, (B.15)
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where HCal and ECal(pt, E) are a Calogero Hamiltonian operator and the related eigenvalue,
respectively. The eigenvalue ECal(pt, E) depends on the first integral of motion pt and on
the constant electric field E and it is given by the Calogero spectrum, establishing a relation
among them and the other Calogero parameters.
Finally, the analysis in [44] of the charged particle classical trajectories in AdS2 established
that for E2−m2R2 negative the particle is confined in the bulk of AdS2, while for E2−m2R2
positive there are two branches where the particle can be confined (in the case of global AdS2
they correspond to regions close to the two boundaries) and the Schwinger pair production
can occur as tunnelling between these two branches. The case E2 −m2R2 = 0 corresponds
to BPS particles in a supersymmetric AdS2 background. Identifying the Calogero and AdS2
parameters via the relation g(g − 1) ≡ m2R2 − E2, the condition for having two branches
and a possible tunnelling process between them can be expressed as g ∈ [0, 1], i.e. when the
Calogero potential is attractive. Notice that at quantum level g(g − 1) ≥ −1/4 [25] and the
BF bound becomes m2R2 ≥ −1/4 + E2, so that its violation allows for the Schwinger pair
production.
B.1 Global AdS2 and Calogero-Sutherland models
Let us now focus on global AdS2, whose physical states are selected by the Calogero-
Sutherland Hamiltonian. More precisely, because of the presence of the constant electric
field in AdS2, one has an extra term, so that one has a Virasoro × U(1).
Actually, let us start with the Calogero-Sutherland model:[
−1
2
∂σ +
g(g − 1)
2 sin2 σ
+ ptE cot σ
]
Ψ(σ) = EΨ(σ), (B.16)
which can be identified with AdS2 via the identifications g(g−1) = m2R2−E2, E = (p2t−E2)/2
and σ = [0, pi]. In the limits σ −→ 0, pi, the leading term of the wave-function is determined
by the undeformed Calogero term.
Let us write the wave function in the form Ψ(σ) = (sinσ)γ F (σ), so that the Calogero-
Sutherland equation becomes[
−1
2
∂2σ − γ cot σ∂σ −
γ(γ − 1)− g(g − 1)
2 sin2 σ
+
γ2
2
+ ptE cot σ
]
F (σ) = EF (σ). (B.17)
whose solutions are characterised by γ(γ−1) = g(g−1), i.e. γ = g, 1−g. A special solution
is obtained by requiring that the term proportional to cot σ in the left-hand-side vanishes, so
that equation (B.17) can be split into two equation, fixing also the energy E in terms of the
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Calogero-Sutherland coupling constants
[−γ∂σ + ptE cot σ]F (σ) = 0, =⇒ F (σ) = e
ptE
γ
σ
[
−1
2
∂2σ +
γ2
2
]
F (σ) = EF (σ), =⇒ E = −1
2
(
ptE
γ
)2
+
γ2
2
(B.18)
Notice that one can recover the value for E in AdS2 if γ = −pt. However, γ = g, 1− g, so
that it imposes also a relation between g, which in terms of AdS2 parameters is given below
equation (B.16), and pt:
γ = −pt = g =⇒ −pt = 1
2
[
1∓
√
m2R2 − E2
]
, 1−g = 1+pt = 1
2
[
1±
√
m2R2 − E2
]
,
(B.19)
while the solution for γ = 1 − g is obtained by conjugation −pt ←→ 1 + pt. This solution
corresponds to the highest weight representation in CFT2 (i.e. in AdS2), with −pt being the
conformal weight of our scalar operator. More general solutions are instead represented in
terms of Jack polynomials.
Notice that, for the solution (B.18), the Calogero-Sutherland coupling constant g is – up
to a sign – nothing but the first integral of motion pt, which the eigenvalue of the L0 operator
of the (twisted) SL(2,R) of AdS2:
Lˆ0 = i∂t = −pˆt,
Lˆ±1 = e
±i t
[
− cos σ pˆt ∓ i sinσ pˆσ − E
R
sinσ
]
.
(B.20)
In other words, the Calogero-Sutherland coupling constant g is related to the highest weight.
B.2 Fragmented AdS2 and Calogero models
Let us now considering a probe charged particle moving in a fragmented AdS2. In order to
model it, we consider the following metric
ds22 =
R2l
sin2 (lσ)
ηµνdx
µdxν , (B.21)
where l ∈ Z+. It can be thought of as a family of static solutions of Liouville theory [32],
with the identification R2l = l
2/4pib2 where b is a Liouville parameter.
As for the case of a single AdS2 discussed earlier, we can now study the worldline of the
probe particle in this geometry. The computation goes exactly as in the previous case, and
the physical states turn out to be selected by the condition
0 = Hl|Ψ〉 =
=
[
1
2
p2σ +
m2R2l − E2/l2
2 sin2 (lσ)
+
ptE
2l
cot lσ − p
2
t + E
2/l2
2
]
|Ψ〉.
(B.22)
27
The worldline Hamiltonian which selects the physical states is again given by a twisted
Calogero-Sutherland second-order integral of motion. The number l of the AdS2 fragments
become a winding number for the Calogero circle.
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